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1. Introduction 

After constructing a multicosimplicial object, it is common to pass to its diagonal 
cosimplicial object. In order for the total object of the diagonal to have homotopy 
meaning, though, you need to know that that diagonal is fibrant. 

We prove in Theorem 13.51 that the functor that takes a multicosimplicial object 
in a model category to its diagonal cosimplicial object is a right Quillen functor. 
This implies that the diagonal of a fibrant multicosimplicial object is a fibrant 
cosimplicial object, which has applications to the calculus of functors (see m)- We 
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also show in Theorem 13. 101 and Corollary 13. Ill that, although the diagonal functor 
is a Quillen functor, it is not a Quillen equivalence for multicosimplicial spaces. 

In Section [5] we discuss total objects, and show that the total object of a multi¬ 
cosimplicial object is isomorphic to the total object of the diagonal. 

In Section [9] we discuss homotopy limits, and show that the diagonal embedding 
of the cosimplicial indexing category into the multicosimplicial indexing category is 
homotopy left cofinal, which implies that the homotopy limits are weakly equivalent 
if the multicosimplicial object is at least objectwise fibrant. 

2. Definitions and notation 

Notation 2.1. If n is a nonnegative integer, we let [n] denote the ordered set 
(0,1, 2,..., u). We will use A to denote the cosimplicial indexing category^ which 
is the category with objects the [n] for n > 0 and with morphisms A([n], [fc]) the 
weakly monotone functions [n] —> [fc]. 

Definition 2.2. If M is a category, a cosimplicial object m M is a functor A —^ M, 
and the category of cosimplicial objects in M is the functor category M^. If X is 
a cosimplicial object in M, then we will generally denote the value of X on [A:] as 

X^. 

Notation 2.3. If n is a positive integer, then we will let A" denote the product 
category A x A x • • • x A. 

n times 

Definition 2.4. If M is a category and n is a positive integer, then an n-cosimplicial 
object m M is a functor A" M. If X is an n-cosimplicial object in M, then we 
will generally denote the value of X on ([fci], [^ 2 ],. .., [kn]) by " 

2.1. The diagonal. An n-cosimplicial object in a category M is a functor X: A” — 
M, and we can restrict that functor to the “diagonal subcategory” of A" to obtain 
a cosimplicial object diag X in M. 

Definition 2.5. Let n be a positive integer. 

(1) The diagonal embedding of the category A into A” is the functor D: A —> 
A" that takes the object [A] of A to the object ([fc], [A],..., [A:]j of A" and 

n times 

the morphism (j: [p] ^ [ 9 ] of A to the morphism of A". 

(2) If M is a category and X is an n-cosimplicial object in M, then the diagonal 
diag X of X is the cosimplicial object in M that is the composition A 
A" ^ M, so that (diagX)'= = 

2.2. Matching objects. If 6 is a Reedy category (see [ 6 l Def. 15.1.2]), M is a 
model category, X is a C-diagram in M, and a is an object of 6 , then we will use 
the notation of [6l Def. 15.2.5] and denote the matching object of X at a by Mq,X, 
or by M^X if the indexing category isn’t obvious. 

Note that in the case of cosimplicial objects, our notation for matching objects 
(see ini Def. 15.2.5]) differs from that of [U Ch. X, §4], in that we index a matching 
object by the degree at which it is the matching object, whereas 0 Ch. X, §4] 
indexes it by one less than that. Thus, our notation for the matching map of a 
cosimplicial object X at [fc] is X^ —>■ M^X, while the notation of 0 Ch. X, §4] is 
X^ ^ M'^’-iX. 
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Definition 2.6. Let C be a Reedy category, let M be a model category, let X be 
a C-diagram in M, and let a be an object of C. 

(1) The matching category 9(a C ) of C at a is the full subcategory of (aj, C ) 
containing all of the objects except the identity map of a. 

(2) The matching object of JC at a is ^ s-nd the matching 

map of X at a is the natural map Xa Mo,X. We will use to 

denote the matching object if the indexing category isn’t obvious. 

Definition 2.7 ([6l Def. 15.3.3]). Let C be a Reedy category and let M be a model 
category. A map /: X —^ X of C-diagrams in M is a Reedy fibration if for every 
object a of C the relative matching map Xq, —>■ XMcI' M^X is a fibration in 

M. 


3. The diagonal is a right Quillen functor 

We prove in Theorem 13.51 that the functor that takes a multicosimplicial object 
to its diagonal cosimplicial object is a right Quillen functor. 


Definition 3.1. Let M be a model category, let n be a positive integer, and let 
X —>■ X be a Reedy fibration of n-cosimplicial objects in M. For every nonnegative 
integer fc, the matching objects of X in at ([fc], [fc],..., [/c]) and of diagX in 

at [fc] are 

lim X and Mi^, diag X = lim diag X 

a(([fc].[fc]....,[fe])j^) 

(with similar formulas for X), and we define and by letting the following 
diagrams be pullbacks: 




. 

.^ yl*.* 


Pk . 


■4" 



■3^ 



^([fc],[fc],...,[fe])^-diagX-!■ diagX 


Thus, 

• if the map X —>■ X is a Reedy fibration of n-cosimplicial objects then the 

natural map —>■ P^ is a fibration for all fc > 0, and 

• the map diagX —> diagX is a Reedy fibration of cosimplicial objects if 

and only if the natural map " ^ P^ is a fibration for all fc > 0 

(see Definition IQ) . 


Proposition 3.2. Let M he a model category, let n be a positive integer, and let 
X —> X be a Reedy fibration of n-cosimplicial objects in M. Since we are viewing 
X as a subcategory of A”, for every nonnegative integer k there are natural maps 


lim ^_ X — 

-A lim diag X 

and 

a(([fc],[fc],...,[fe])4,^) 

a([k]iK) 


lim X — 

-A lim diag X 


a(([fc],[fc],...,[fe])4,^) 

a([fc];S) 



and those induce a natural map 
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(see Definition \^.l\) . That natural map is a Gbration. 

The proof of Proposition 13.21 is in Section 01 

Theorem 3.3. Jf M is a model category, n is a positive integer, and X ^ Y is a 
Reedy Gbration of n-cosimplicial objects in M, then the induced map of diagonals 

diag X —>■ diag Y 

is a Reedy Gbration of cosimpliciai objects. 

Proof. We must show that for every nonnegative integer k the map 

(diagX)'= = ^ 

(see Definition IQ) is a fibration. That map is the composition 

^ ^ ^ ^k • 

The first of those is a fibration because the map X —>• T is a Reedy fibration of 
n-cosimplicial objects, and Proposition 13.21 is the statement that the second is also 
a fibration. □ 

Special cases of the following corollary are already known (see [9l Lem. 7.1], in 
view of O Prop. 5.8]). 

Corollary 3.4. IfM. is a model category, n is a positive integer, and X is a Reedy 
Gbrant n-cosimplicial object in M, then the diagonal cosimpliciai object diag X is 
Reedy Gbrant. 

Proof. This follows from Theorem 13.31 bv letting Y be the constant n-cosimplicial 
object at the terminal object of M. □ 

Theorem 3.5. If M is a model category and n is a positive integer, then the 
diagonal functor diag: which takes an n-cosimplicial object in M to 

its diagonal cosimpliciai object, is a right Quillen functor (see [6l Def. 8.5.2]). 

Proof. Since a model category is cocomplete, the left Kan extension of a cosimpliciai 
object along the diagonal inclusion A —A" always exists (see [U Thm. 3.7.2] or 
[HI Thm. 17.1.6] or, for the dual statement, [3 Cor. X.3.2]), and so the diagonal 
functor has a left adjoint. Thus, we need only show that the diagonal functor 
preserves both fibrations and trivial fibrations (see [61 Prop. 8.5.3]). 

Theorem 13.31 implies that that the diagonal preserves fibrations. Since the weak 
equivalences of cosimpliciai objects and of n-cosimplicial objects are defined degree- 
wise, the restriction of an n-cosimplicial object to its diagonal preserves all weak 
equivalences, and so it also preserves trivial fibrations. □ 

3.1. The multicosimplicial product of standard simplices. The main result 
of this section is Theorem 13.91 which we will use in the following section to show 
that the right Quillen functor of Theorem 13.51 is not a Quillen equivalence. It will 
also be used in Theorem 18.101 to show that the total object of a multicosimplicial 
object is isomorphic to the total object of its diagonal cosimpliciai object. 

Definition 3.6. If F: .A —>• 13 is a functor between small categories and X is an 
object of 23, then 'B{F—,X) is the A°P-diagram of sets that on an object W of 
A is the set 23(FIT, X). This is natural in X, and thus defines a 23-diagram of 
A°P-diagrams of sets. 
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If n is a positive integer and F: jd —>■ 23 is the diagonal embedding D: A ^ A" 
(see Definition I2.5|l . then an ^°P-diagram of sets is a A°P-diagram of sets, i.e., 
a simplicial set, and so this defines a A^-diagram of simplicial sets, i.e., an n- 
cosimplicial simplicial set, which we will denote by A^”). If ([pi], [P 2 ], ■ ■ ■, [Pn]) is 
an object of A", then the simplicial set A"'(D—, ([pi], [^ 2 ], • ■ ■, [Pn])) has as its 
fc-simplices the n-tuples of maps 

(ai,a 2 ,... ,a„): ([A:], [fc],..., [fc]) —^ ([pi], [P 2 ], ■ • ■, [Pn]) 

where each : [fc] [pi] is a weakly monotone map. Thus, each /c-simplex is the 
product for 1 < i < n of a Ic-simplex of A[pi], i.e., a fc-simplex of A[pi] x A[p 2 ] x 
• • • X A[p„], and so A^") ([pi], [p 2 ],..., [p„]) is the product of standard simplices 
A[pi] X A[p 2 ] X • • • X A[p„]. That is, A^"^: A" —5> SS is an n-cosimplicial simplicial 
set whose value on the object ([pi], [P 2 ], • ■ •, [p™]) is A[pi] x A[p 2 ] x • • • x A[p„]. We 
will call it the n-cosimplicial product of standard simplices. 

If n = I, so that F: A ^ "B is the identity functor of A, then this defines a 
cosimplicial object in the category of simplicial sets, i.e., a cosimplicial simplicial 
set, which we will denote by A. If fc is a nonnegative integer, then for a nonnega¬ 
tive integer i the i-simplices of A(—, [/c]) are the maps A([i], [fc]), i.e., the weakly 
monotone functions [f] [fc], and so the simplicial set A(—,[fc]) is the standard 

k-simplex, which we will denote by A[A:]. That is. A: A —?> SS is a cosimplicial 
simplicial set, and its value on the object [/c] is A[A:]. We will call it the cosimplicial 
standard simplex. 

Lemma 3.7. If n is a positive integer, then the n-cosimplicial product of standard 
simplices A^") (see Definition 13.61) is a Reedy coGbrant (see [U Def. 15.3.3]j n- 
cosimplicial simplicial set. 

Proof. The latching map at the object ([pi], [P 2 ], ■. ■ [Pn]) of A" is the inclusion of 
the boundary of A[pi] x A[p 2 ] x • • ■ x A[p„], and is thus a cofibration. □ 

Lemma 3.8. If K is a simplicial set and AK is the category of simplices of K 
(which has as objects the simplices of K and as morphisms from a tor the simplicial 
operators that take r to a; see [ 6 l Def. 15.1.16]j, then K is naturally isomorphic to 
the colimit of the AK-diagram of simplicial sets that 

• takes a k-simplex of K to the standard k-simplex A[fc], 

• when di{T) = a, takes di to the inclusion of the image of a as the i’th face 
of the image of t, and 

• when s'^(t) = a, takes s® to the collapse of the image of a to the image of 
T that identihes vertices i and i -\-1 

under an isomorphism that for a k-simplex a takes the nondegenerate k-simplex of 
A[fc] to a. 

Proof. See [HI Prop. 15.1.20]. □ 

The following theorem is the degree 0 part of [S] Remark on p. 172] and [HI 
Prop. 8.1]. The full statement, for a general model category, is Theorem 18.101 

Theorem 3.9. Ifn is a positive integer, then the left Kan extension of the cosimpli¬ 
cial standard simplex A (see DeGnition l3. 611 along the diagonal embedding A —A" 
(see DeGnition \2.5\) is the n-cosimplicial product of standard simplices A^'^l (see Def¬ 
inition with the natural transformation a: A —>■ diag A*-"^ that on the object 
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[fc] of A is the diagonal map A[fc] —>■ A[fc] x A[fc] x • • • x A[fc]. Thus, for every 
n-cosimplicial simplicial set X there is a natural isomorphism of sets 

SS^”(A(”),X) SS^(A,diagX) 

between the set of maps of n-cosimplicial simplicial sets —>• X and the set of 

maps of cosimplicial simplicial sets A —>■ diagX (see Definition l2.5f) . That isomor¬ 
phism takes a map /: A^”) X in SS'^ to the composition A diag A^") 
diagX in SS^ (see [21 Def. 3.7.1]| 

Proof. Since the category of simplicial sets is cocomplete, the left Kan extension LA 
of A exists and can be constructed pointwise (see [21 Thm. 3.7.2]). We view A as the 
diagonal subcategory of A", and so for each object ([pi], [p^], • ■ •, [Pn\) of A", the 
simplicial set LA([pi], [p 2 ], ■ • ■, [Pn]) is the colimit of the (A| ([pi], [p 2 ],..., [pn]))- 
diagram of simplicial sets that takes the object 

(ai,a2,...,an): ([/c], [fc],..., [A:]) —^ ([pi], [P 2 ], ■ • ■, [Pn]) 

of (A|([pi], [P 2 ],..., [p„])) to the standard /c-simplex A[A:]. That object is the 
product for 1 < i < n of morphisms at: [fc] —^ [pi] in A, i.e., the product for 
1 < i < n of a fc-simplex of A[pi], i.e., a fc-simplex of A[pi] x A[p 2 ] x • • • x A[pn,]. 

Thus, LA([pi], [P 2 ],..., [pn]) is the colimit of the diagram indexed by the cate¬ 
gory of simplices of A[pi] x A[p 2 ] x • ■ • x A[p„] (see Lemma iTSl) that takes each 
A:-simplex of A[pi] x A[p 2 ] x • • ■ x A[p„] to the standard A:-simplex A[fc], and so 
Lemma |3^ implies that LA([pi], [p 2 ],..., [p„]) Ri A[pi] x A[p 2 ] x • • • x A[p„]. 

For the natural transformation a, note that a map of simplicial sets with domain 
A[fc] is entirely determined by what it does to the nondegenerate fc-simplex of A[fc], 
which is the identity map of [A:]. The natural transformation a: A —^ diag A^") on 
the object [A:] of A takes that nondegenerate A:-simplex of A [A:] to the A:-simplex 
of A[A:] X A[A:] x • ■ • x A [A:] that is the image under the diagonal embedding of 
the identity map of [A:], which is the map [A:] —>• ([fc], [A:],..., [A:]) whose projection 
onto each factor is the identity map of [A:], i.e., the product of the nondegenerate 
fc-simplices of each factor. □ 

3.2. Quillen functors, but not Quillen equivalences. Let M be a model cat¬ 
egory. We show in Theorem (STO] and Corollary 13. Ill that the right Quillen functor 
diag: —>■ (see Theorem 13.51) and its left adjoint L: ^ are not 

Quillen equivalences when M is either the model category of simplicial sets or the 
model category of topological spaces (see [6l Def. 8.5.20]). 

Theorem 3.10. If M = SS, the model category of simplicial sets, and n >2, then 
the Quillen functors diag: and its left adjoint L: —?► are 

not Quillen equivalences. 

Proof. We will discuss the case n = 2; the other cases are similar. We will construct 
a cofibrant cosimplicial simplicial set X, a fibrant bicosimplicial simplicial set Y, 
and a weak equivalence f: X ^ diag Y such that the corresponding map LX Y 
is not a weak equivalence. 

For each A: > 0, let (A[A:])° denote the 0-skeleton of A[A;], and let X be the 
cosimplicial simplicial set that is the degreewise 0-skeleton of the cosimplicial stan¬ 
dard simplex A, so that X^ = (A[A:])°. Since the maximal augmentation of X is 
empty, X is cofibrant (see jH] Cor. 15.9.10]). 
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Let W be the bicosimplicial simplicial set obtained from X by making it constant 
in the second index, i.e., = (A[p])°, and let VT —be a fibrant 

approximation to W, so that W —5> is a weak equivalence of bicosimplicial 
simplicial sets and Y is fibrant. There is an obvious isomorphism of cosimplicial 
simplicial sets X —>• diag W, and our map /: X —J- diag Y is the composition X —>• 
diag W diag X; it is the composition of an isomorphism and an objectwise weak 
equivalence, and so it is an objectwise weak equivalence, i.e., a weak equivalence of 
cosimplicial simplicial sets. 

The functor L: SS'^ —>• SS'^ takes the cosimplicial standard simplex A to the 
bicosimplicial product of standard simplices A*^^) (see Theorem ESI). Since the 
colimit of a diagram of simplicial sets is constructed degreewise, and every simplicial 
set in the diagram whose colimit is is discrete (i.e., has all face and 

degeneracy operators isomorphisms), each is also discrete, and so LX = 

(A(^))°, the degreewise 0-skeleton of A^^^. Thus, (LdiagX)^^^) is the 0-skeleton 
of A[l] X A[l], and has four path components, while is weakly equivalent to 

(A[l])°, and has two path components. Thus, the map LX X is not a weak 
equivalence. □ 

Corollary 3.11. If M = Top, the model category of topological spaces, and n > 2, 
then the Quillen functors diag: and its left adjoint L: —>■ 

are not Quillen equivalences. 

Proof. The geometric realization of the example in Theorem 13.101 is a cofibrant 
cosimplicial space X, a fibrant bisimplicial space X, and a weak equivalence /: X —>■ 
X such that the corresponding map LX —X is not a weak equivalence. □ 


4. Proof of Proposition 13.21 

Since A” = A x A x ••• x A (see [5J Prop. 15.1.6]), the matching category 
9(([fc], [/c],..., [A:])), A") has as objects the maps 

{[k] [pi], [fc] [p2], ...,[k]^ [pn]) 

in A" such that each [fc] —>■ [pi] is a surjection and such that at least one of them is 
not the identity map. The diagonal embedding of A into A” (see Definition 12.511 
takes the matching category 9([fc] j. A) to the full subcategory of 9(([fc], [fc],..., [/c]) j. A") 
with objects the maps 

\ 4>-. [fc] —)• [p] is a surjection and is not the identity map} 
and we will identify 9([fc] } ^) with its image in 9(([fc], [k],... , [fc]) } A"). Our map 




( lim X)X(. 


pA 

^k 


( jj 

a([fc]4,A) ^ J 




(see Definition 13.Ill is induced by restricting the functors X and X to this subcate¬ 
gory. We will define a nested sequence of subcategories of 9(([fc], [fc],..., [A:])}, A") 

a([fc]} ^) = e_i c Co c • • • c e„fc_i = 


a(([^],[fc],...,[fc]);A") 
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and for — 1 < z < nfc — 1 we will let Pi be the pullback 


P, 


■■>Y 


(k,k,...,k) 


lim X -lim Y . 

Gi Gi 


Thus, we will have a factorization of our map P^ P^ as 

Pf" = P„fc_i ^ P„fc_2 ^- >P.i=Pt 

and we will show that the map Pz+i —> Pz is a fibration for —1 <i < nk — 2. 

Definition 4.1. If n is a positive integer, fc is a nonnegative integer, and — 1 < z < 
nk — 1, we let Cz be the full subcategory of 9(([fc], [/c],..., [fc]) I A") with objects 
the union of 

• the objects of 9(([fc], [/c],..., [A:]) j. A") whose target is of degree at most i, 

and ^_ 

• the objects of 9(([fc], [fc],..., [A:]) j. A") in the image of the embedding of 

That is, we let Cz be the full subcategory of 9(([A:], [A:],..., [A:]) j. A") with objects 
the maps 

(</'!, </'2, ([A:], [A:],..., [A:]) —^ {[pi],[p2], ■ ■ ■ ,[pn]) 

such that either pi + P 2 + •••+ Pn < * or (/)i = (/)2 = ••• = </'«• 


Proposition 4.2. If —1 < i < nk — 2, then the map Pz+i Pi is a fibration. 

Proof. The objects of Cz+i that aren’t in Cz are maps ([A;] —> [pi], [A:] ^ [p 2 ],..., [A:] —>■ 
[p„]) such that Pi +P 2 + • • • + Pn = z + 1 (though not necessarily all such maps), 
and this set of maps can be divided into two subsets: 

• the set S'z+i of maps for which there exists an epimorphism ip: [A:] —> [j] with 
j < k and a factorization through z/>” : ([A:], [A:],..., [A:]) —>■ ([j], [j], ..., [j]), 

• the set Tz+i of maps for which there is no such factorization. 

We let Q'ij^i be the full subcategory of 9(([A:], [A:],..., [A:])), A") with objects the 
union of S'z+i with the objects of Cz, and define P/^.^ as the pullback 


. 


lim X -> lim Y . 

Q' e' 


We have inclusions of categories Cz C C Cz+i, and the maps 



lim X - 

Gi+i 

limX 

Gi 

and 

lim Y — 

Cj+i 

lim Y 

Gi 

factor as 

lim X - 

lim X - 

-)■ limX 

and 

lim Y — 

lim Y 

Gi+i 

e'+i 

Gi 


Ci+1 

ei+i 


lim IP . 
Gi 
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These factorizations induce a factorization 

Pi+i —5- Pi+i —S' Pi of the map Pi+i —S> P^ . 

Proposition 14.31 asserts that the map P^j^i Pi is an isomorphism and Proposi¬ 
tion 231 asserts that the map Pi+i Pl+i is a fibration. □ 

Proposition 4.3. For —l<i<nk — 2, the map Pl_^.l —>■ Pi is an isomorphism. 

The proof of Proposition 14.31 is in Section [5] 

Proposition 4.4. For —l<i<nk—l, the map Pi+i —?■ Pi+i is a fibration. 

The proof of Proposition 14.41 is in Section [ 6 l 

5. Proof of Proposition 14.31 
Lemma 5.1. Every morphism 

(01,02,..., On): ([A:],[fc],...,[fc]) —^ ([pi], [P 2 ], ■ • ■ , [Pn]) 

in A" with domain a diagonal object has a terminal factorization through a diagonal 
morphism, i.e., an epimorphism j3: [fc] —>■ [ 9 ] and a factorization 

([fc], [k],..., [fc]) ^ {[q], [g],..., [q]) ([pi], [P 2 ],..., [Pn]) 

of (oi, 02 ,..., o„) such that every epimorphism 7 : [A:] —[r] and factorization 

([fc], [k],..., [fc]) ^ ([r], [r],..., [r]) ^ ([pi], [P 2 ],..., [p„]) 
of (oi, 02 ,..., o„) through a diagonal morphism of A" factors uniquely as 

([fc], [k],..., [k]) A ([r], [r],..., [r]) ^ {[q], [q],..., [g]) ^ ([pi], [^ 2 ], • ■ ■, [p„]) 
with 5y = j5. 

Proof. Each of the epimorphisms aj: [fc] —> [pj\ is determined by the set Uj of 
integers i such that aj{i) = aj{i -b 1). We let U = flKjXn ^j- The set U now de¬ 
termines an epimorphism [5: [fc] ^ [g] for some q < k, and the terminal factorization 
of o is the factorization through /3” : ([fc], [/c],..., [fc]) ^ ([g], [g],..., [g]). □ 

Proposition 5.2. For —l<i<nk — 2, the inclusion of categories Ci C C(_|_i is left 
cohnal (see [3 Def. IA.2.1]). 

Proof. Let o = ([fc] [pi], [fc] —>• [p 2 ], •. ■, [fc] —)• [p„]) be an object of that 

isn’t in Ci. Since every morphism in A" lowers degree, the only objects of (Cij-o) 
are factorizations of o through : ([fc], [A:],..., [A:]) —>■ ([j], [j],..., [j]) for some 
epimorphism (f: [A;] —>■ [j] with j < k, and Lemma lS.ll implies that there is a terminal 
such factorization, i.e., one through which all other factorizations factor uniquely. 
That terminal factorization is a terminal object of the overcategory (Ci j,a), and 
so that overcategory is nonempty and connected, and so the inclusion Ci C C(_^_l is 
left cohnal. □ 

Proof of Proposition 14.3l For —1 < i < nk — 2, Proposition 15.21 implies that the 
inclusion of categories Ci C C(_^_i is left cohnal, and so the maps lirng/ ^ X 
limg. X and lirng'^^ Y —>■ limg^ Y are isomorphisms (see [ 6 l Thm. 14.2.5]), and so 
the induced map P/_|_i —>■ Pi is an isomorphism. □ 
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6. Proof of Proposition 14.41 

Notation 6.1. To save space, we will use the following compact notation: 

• We will use [p\ to denote an object ([pi], [P 2 ], ■ • ■, [Pn]) of A". 

• If fc > 0, we will use [fc]" —>• [p] to denote an object ([/c], [fc],..., [fc]) —>■ 
([pi], [p 2 ],..., [p„]) of the matching category d{{[k], [k], [A:])| A”). 

Lemma 6.2. For each n-cosimplicial object X in M there is a pullback square 


lim X - > lim X 

Ci+i e'+i 

(6-3) 1 

^ n ^ 

([fc]"^[p1)eri+i a([p11A") 

Proof. For every element [fc]" —>■ [pi of Ti+i, every object of the matching category 
9([p] j,A") is a map to an object of degree at most i, and so there is a functor 
that takes the object ([pi], [P2], ■ ■ ■, [p™]) ([91], [92], • ■ •, [<?n]) 

to the composition {[k], [k], [fc]) ([pi], [P2], ..., [p„]) ^ ([91], [92], ■ ■ ■, [9n]); 

this induces a map lime'^^ —>■ X that is the projection of the right hand 

vertical map onto the factor indexed by [A]” [p]. We thus have a commutative 

square as in Diagram 16.31 

The objects of C^+i are the objects of C'_|_j together with the elements of Tj+i, 
and so a map to limg.^j X is determined by a map to limg'^^ X and a map to 
n([fc]"^.[^)eTi+iSince there are no non-identity morphisms in Ci+i with 
codomain an element of Tj-i-i, and the only non-identity morphisms with domain 
an element [k]^ of T^+i are the objects of the matching category i9([p] j. A"), 

maps to limg'^^ X and to n([fc]"^[^)eTi+i ^\p\ determine a map to limg.^j X if 
and only if their compositions to n([fe]"-».[^)GTi+i ^ agree. Thus, the 

diagram is a pullback square. □ 


Define Q and R by letting the squares 
(6.4) 


Q- 


lim Y ■ 


■> lim X 

ei+i 


-4- lim Y 
e' 


R- 


and 


i[k]«^\p\)eTi+i 


> n ^ 


4 lirq Y 

([fe]"^[pl)GTi+i 9 ([j5];A”) 
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be pullbacks, and consider the commutative diagram 


lim X' 


->■ lim X 


(6.5) 



Lemma \S72\ implies that the front and back rectangles are pullbacks. 
Lemma 6.6. The square 


(6.7) 


lim X 

Ci+i 


n^bi 

([fc]n^[jq)gTi+i 


-A Q 




is a pullback. 

Proof. Let W be an object of M and let h: W ^ n([;s]"-).[^)eTi+i k: W ^ 

Q be maps such that gk = bh; we will show that there is a unique map (j>: W ^ 
limg.^j X such that acj) = k and ucj) = h. 
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The map ck: W —> lirng/^^ X has the property that v{ck) = egk = ebh = th, and 
since the back rectangle of Diagram 16.51 is a pullback, the maps ck and h induce 
a map (j): W ^ lime^_^j X such that u(j) = h and S(p = ck. We must show that 
a(j) = k, and since Q is a pullback as in Diagram 16.41 this is equivalent to showing 
that cacj) = ck and dacj) = dk. 

Since ck = scj) = caij), we need only show that dacj) = dk. Since the front 
rectangle of Diagram 16.51 is a pullback, it is sufficient to show that s'dacj) = s'dk 
and u'da(j) = u'dk. For the first of those, we have 

s'da(j) = s'5(j) = j3s(j) = j3ck = s'dk 

and for the second, we have 

u'dacj) = u'Scj) = 'yucj) = fbu(f> = fbh = fgk = u'dk 

and so the map (j) satisfies acj) = k and ucj) = h. 

To see that cj) is the unique such map, lei if): W —>■ limg X be another map 
such that aijj = k and utp = h. We will show that sip = scp and = ucp', since the 
back rectangle of Diagram 16.51 is a pullback, this will imply that tp = (p. 

Since wip = h = u(p, we need only show that spj = s(p, which follows because 
sip = caip = ck = s(p. □ 


Lemma 6.8. If X ^ Y is a Gbration of n-cosimplicial objects, then the natural 
map 

lim X —> Q = lim X Xn;™ , v) lim Y 

Ci+i ^ Si+i 

is a Gbration. 

Proof. Lemma 16.61 gives us the pullback square in Diagram 16.71 where Q and R 
are defined by the pullbacks in Diagram 16.41 Since X ^ is a fibration of n- 
cosimplicial objects, the map n([fe]"^[^)Gr+i ^[p\ i? is a product of fibrations 
and is thus a fibration, and so the map lirng., ^ X ^ Q = lirng/ X , y) 
limg.^j ^ is a pullback of a fibration and is thus a fibration. □ 

Lemma 6.9 (Reedy). If both the front and back squares in the diagram 



A' - ^B' 


I 


C 






^D' 


are pullbacks and both Jb' B ^ B' and C ^ C' Xjy D are Gbrations, then /a - A ^ 
A' is a Gbration. 

Proof. This is the dual of a lemma of Reedy (see [6l Lem. 7.2.15 and Rem. 7.1.10]). 

□ 
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Proof of Proposition 14.4L We have a commutative diagram 

N* I ^ 

p' ^ _!_ y 


lim X- 

Gi+i 

N - 

lim X -!■ lim Y 

^i + l ^'i + l 

in which the front and back squares are pullbacks, and so Lemma |6.9I implies that 
it is sufficient to show that the map 

lim X —> lim X xpiiv. , v-i lim Y 
Gi+i Gi+i ^ Si+i 

is a fibration; that is the statement of Lemma 16.81 □ 

7. Frames, homotopy cotensors, and homotopy function complexes 

If X is a cosimplicial simplicial set, then both the total space Tot X and the 
homotopy limit holimX are built from simplicial sets of the form (X")-^ for n > 0 
and K a simplicial set, where (X”)*” is the simplicial set of maps K —>■ X". If M is 
a simplicial model category and X is a cosimplicial object in M, then the simplicial 
model category structure includes objects (X”)^ of M, called the cotensor of X" 
and K, and TotX and holimX are built from those. When M is a (possibly non- 
simplicial) model category and X is a cosimplicial object in M, we need objects of 
M that can play the role of the (X")^, and to define those we choose a simplicial 
frame on the objects of M. A simplicial frame on an object X of M is a simplicial 
object X of M such that 

• Xo is isomorphic to X, 

• all the face and degeneracy operators of X are weak equivalences, and 

• if X is a fibrant object of M then X is a Reedy fibrant simplicial object. 

Given such a simplicial frame on X, we use X„ to play the role of and if 

X is a simplicial set we construct the homotopy cotensor X^ of X and K as the 
limit of a diagram of the X„ indexed by the opposite of the category of simplices 
of K (see Definition 17.31) . 

7.1. Frames. 

Definition 7.1 (Frames and Reedy frames). 

(1) If M is a model category and X is an object of M, then a simplicial frame 
on X is a simplicial object X together with an isomorphism X « Xq such 
that 

• all the face and degeneracy operators of X are weak equivalences and 

• if X is a fibrant object of M then X is a Reedy fibrant simplicial object 

in M. ^ 

Equivalently,a simplicial frame on X is a simplicial object X in M together 
with a weak equivalence cs*X —>■ X (where cs*X is the constant simplicial 
object on X) in the Reedy model category structure on ^ such that 

• the induced map X —^ Xq is an isomorphism, and 


4- 

-4- lim Y 

Ci+i 









14 


PHILIP S. HIRSCHHORN 


• if X is a fibrant object of M, then X is a Reedy fibrant simplicial 
object. 

We often refer to JC as a simplicial frame on X, without explicitly men¬ 
tioning the map cs*X —>■ X. 

If M is a simplicial model category and X is an object of M, the standard 
simvlicial frame on X is the simplicial object X in which (see 

0 Prop. 16.6.4]). 

(2) If M is a model category, C is a small category, and X is a C-diagram in 
M, then a simplicial frame on X is a, C-diagram X of simplicial objects 
in M together with a map of diagrams j: cs*X —^ X from the diagram 
of constant simplicial objects such that, for every object a of C, the map 
ja ■ cs* Xa Xa is a simplicial frame on X^. 

If M is a simplicial model category, then the standard simplicial frame 
on X is the frame X on X such that Xa is the standard simplicial frame 
on Xa for every object a of C. 

(3) If M is a model category, C is a Reedy category, and X is a C-diagram in 

M, then a Reedy simplicial frame on X is a simplicial frame X on X such 
that if X is a Reedy hbrant C-diagram in M, then X is a Reedy fibrant 
C-diagram in . 

If M is a simplicial model category and C is a Reedy category, then 
for any C-diagram X in M the standard simplicial frame X on X (see 
Definition EH) is a Reedy simplicial frame (see [HI Prop. 16.7.9]). 

Proposition 7.2 (Existence and essential uniqueness of frames). 

(1) Jf M is a model category and X is an object of M, then there exists a 
simplicial frame on X and any two simplicial frames on X are connected 
by an essentially unique zig-zag (see [51 Def. 14.4.2]) of weak equivalences 
of simplicial frames on X. 

(2) If M is a model category, C is a small category, and X is a C-diagram in 
M, then there exists a simplicial frame on X and any two simplicial frames 
on X are connected by an essentially unique zig-zag (see |6l Def. 14.4.2]) 
of weak equivalences of simplicial frames on X. 

(3) If M is a model category, C is a Reedy category, and X is a C-diagram in 
M, then there exists a Reedy simplicial frame on X and any two Reedy 
simplicial frames on X are connected by an essentially unique zig-zag (see 
[5J Def. 14.4.2]) of weak equivalences of Reedy simplicial frames on X. 

(4) If M is a model category and C is a Reedy category, then there exists a 
functorial Reedy simplicial frame on every C-diagram on M. 

Proof See |6l Thm. 16.6.18, Thm. 16.7.6, Prop. 16.7.11, and Thm. 16.7.14]. □ 


7.2. Homotopy cotensors. 

Definition 7.3. If M is a model category, X is an object of M, X is a simplicial 
frame on X, and X is a simplicial set, then the homotopy cotensor X^ is defined to 
be the object of M that is the limit of the (AX)°P-diagram in M (see Lemma [3(8]) 
that takes the object A[n] —?> X of (AX)°p = (A4,X)°^ to X„ and takes the 
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commutative triangle 

A[n]- - - \ A[fc] 

K 

to the map a* : Xk Xn (see [51 Def. 16.3.1]). 

Proposition 7.4. If M is a simplicial model category, X is an object of M, X is 
the standard simplicial frame on X (see Definition 17.1|) . and K is a simplicial set, 
then X^ is naturally isomorphic to . 

Proof. See |6l Prop. 16.6.6]. □ 

7.3. Homotopy function complexes. Although homotopy function complexes 
have many important properties (see [51 Chap. 17]), our only use for them here is 
the adjointness result Theorem l7.81 which will be used in the proofs of Theorem IS.lOl 
and Theorem 19.81 

Definition 7.5. Let M be a model category and let W be an object of M. 

(1) If X is an object of M and X is a simplicial frame on X, then mapjj-(lT, X) 
will denote the simplicial set, natural in both W and X, defined by 

mapy^{W,X)„ = M(W,X„) 

with face and degeneracy maps induced by those in X. If VL is cofibrant 
and X is fibrant, then map^(lT, A) is a right homotopy function complex 
from W to X (see |6l Def. 17.2.1]). _ 

(2) If C is a small category, A is a C-diagram in M, and A is a simplicial frame 
on A, then map^(lT, A) will denote the C-diagram of simplicial sets that 
on an object a of C is the simplicial set map^(W, Aq,). 

Proposition 7.6. If M is a simplicial model category, W and X are objects of 
M, and X is the standard simplicial frame on X, then mapj^(lT, A) is naturally 
isomorphic to Map(lT, A), the simplicial set of maps that is part of the structure 
of the simplicial model category M. 

Proof. We have natural isomorphisms 

map^(W,A)„ =M(W,A„) 

= M(W,A‘^W) 
ftiSS(A[n],Map(lT,A)) 

«Map(lT,A)„ . □ 

Proposition 7.7. Let M be a model category and let W be an object ofM. If X 
is an object of M, A is a simplicial resolution of X, and K is a simplicial set, then 
there is a natural isomorphism of sets 

SS(A,map^(TT,A)) ft!M(lT,A^) . 

Proof. Since A-^ is defined as a limit (see De6nition l7.3L an element of M(1T, A-^) 
is a collection of maps W —>■ A„, one for each n-simplex of K, that commute with 
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the face and degeneracy operators. This is also a description of an element of 
SS(iir,map^(lT,X)) (see also [6l Thm. 16.4.2]). □ 

Theorem 7.8. Let M be a model category and let G be a small category. If X is 
a G-diagram in M, X is a simplicial frame on X, K is a G-diagram of simplicial 
sets, and W is an object of M, then there is a natural isomorphism of sets 

M(lT,hom|(ii:,X)) KSS^{K,mapx{W,X)) 

(where map^(lT, X) is as in Definition 17.51 and hom^(X,X) is the end of the 
functor X^: G x G°p ^ M; see H Def. 19.2.2]). 

Proof. The object hom^(X, X) is defined (see (6] Def. 19.2.2]) as the limit of the 
diagram 

n n 

QeOb(e) ^ {a: a^a')CiG 

where the projection of the map (f on the factor indexed by cr: a —> a' is the 
composition of a natural projection from the product with the map 

: (X„)-f^“ ^ (X^,)^- 

(where ct* : X^ —t X^/) and the projection of the map if on the factor indexed by 
CT: a —^ a' is the composition of a natural projection from the product with the 
map 

(where ct* : Ka —t Ka'), and so M(lT, hom^(K', X)) is naturally isomorphic to 
the limit of the diagram 

n M(1T,(XJ^“) ^ n M(lT,(X„0-^“) . 

a£Ob(C) (cr: a^Q(^)eC 

This is naturally isomorphic to the limit of the diagram 

n SS(ii:„,map^(lT,X„)) =4 J] SS(l<:„,map^(lT,X„0) 

QeOb(C) (cr: a—>-a^)eC 

(see Proposition [73 which is the definition of SS^(X, mapj^(lT, X)). □ 


8. Total objects 

We define the total object of a cosimplicial object in Definition 18.11 the total 
object of a multicosimplicial object in Definition 18.51 and show in Theorem 18.101 
that the total object of a multicosimplicial object is isomorphic to the total object 
of its diagonal cosimplicial object. 
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8.1. The total object of a cosimplicial object. 

Definition 8.1. If M is a model category, X is a cosimplicial object in M, and X 
is a Reedy simplicial frame on X (see Definition 17.1|) . then the total object TotX 
of X is the object of M that is the end (see [5J Def. 18.3.2] or [71 pages 218-223] 
or [31 page 329]) of the fnnctor X‘^: A x A°p —>■ M. This is a subobject of the 
product 

]^(;Jfc)A[fe] 

k>0 

and is denoted hom^(A,X) in [6l Def. 19.2.2] and in [21 pages 218- 

223]. 

Proposition 8.2. If M is a model category, X is a Reedy Gbrant cosimplicial 
object in M, and X and X' are two Reedy simplicial frames on X, then there is 
an essentially unique zig-zag of weak equivalences connecting Tot X defined using 
X and TotX defined using X'. 

Proof. This follows from Proposition [7^ and [6l Cor. 19.7.4]. □ 


Example 8.3. If M is the category of simplicial sets, X is a cosimplicial object in 
M, and X is the standard simplicial frame on X, then TotX is the simplicial set 
of maps of cosimplicial simplicial sets from A to X, i.e., a subset of the product 
simplicial set 

If M is the category of topological spaces, X is a cosimplicial object in M, and 
X is the standard simplicial frame on X, then TotX is the topological space of 
maps of cosimplicial spaces from |A| to X, i.e., a subset of the product space 

Proposition 8.4. If M is a model category and X is a Reedy Gbrant cosimplicial 
object in M, and X is a Reedy simplicial frame on X, then TotX is a Gbrant 
object ofM. 

Proof. See [H Thm. 19.8.2]. □ 


8.2. The total object of a multicosimplicial object. 

Definition 8.5. If n is a positive integer, M is a model category, X is an n- 
cosimplicial object in M, and X is a Reedy simplicial frame on X (see Def¬ 
inition 1711) . then the total object Tot X of X is the object of M that is the 
end (see [5] Def. 18.3.2], [7] pages 218-223], or [3J page 329]) of the functor 
X^'"': A" X (A")°P —!> M. This is a subobject of the product 

^^(fel.fe2....,fen)^(^['=dxA[fe2]X---xA[fc„]) 

fei > 0 , fc 2 > 0 ,..., fe „>0 

and is denoted hom^ (A("\X) in [6] Def. 19.2.2] and 


j {[kl],[k2],...,[kr,]) 

in [T] pages 218-223]. 


I^J^(ki,k2,...,kn)^ 


(A[fei] X A[fe2] X---X A[fc„]) 
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Proposition 8.6. Jf M is a model category, X is a Reedy Sbrant multicosimplicial 
object in M, and X and X' are two Reedy simplicial frames on X, then there is 
an essentially unique zig-zag of weak equivalences connecting Tot X defined using 
X and TotX defined using X'. 

Proof. This follows from Proposition [72] and [6] Cor. 19.7.4], □ 

Example 8.7. If n is a positive integer, M is the category of simplicial sets, X is 
an n-cosimplicial object in M, and X is the standard simplicial frame on X, then 
TotX is the simplicial set of maps of n-cosimplicial simplicial sets from to X, 
i.e., a subset of the product simplicial set 

^j^(fei,fe2,...,fc„)^(A[/ci] X A[fe2] X'"X A[fc„]) 

([feil.lM.-.lM) 


If n is a positive integer, M is the category of topological spaces, X is an n- 
cosimplicial object in M, and X is the standard simplicial frame on X, then Tot X 
is the topological space of maps of n-cosimplicial spaces from | | to X, i.e., a sub¬ 

space of the product space 

Proposition 8 .8. If n is a positive integer, M is a model category, X is a Reedy 
hbrant n-cosimplicial object in M, and X is a Reedy simplicial frame on X, then 
Tot X is a hbrant object of M. 

Proof. Since A^"^ is Reedy cofibrant, this follows from 0 Cor. 19.7.3]. □ 

8.3. The total object of the diagonal. In Theorem 18.101 we use Theorem 13.91 
to show that the total object of an n-cosimplicial object in an arbitrary model 
category is isomorphic to the total object of its diagonal cosimplicial object (see 
also [5| Remark on p. 172] and (9] Prop. 8.1]). 

Proposition 8.9. If n is a positive integer, M is a model category, X is an n- 
cosimplicial object in M, and X is a Reedy simplicial frame on X, then diagX is 
a Reedy simplicial frame on diag X. 

Proof. Since a Reedy simplicial frame on a Reedy hbrant n-cosimplicial object is a 
Reedy hbrant diagram in ~ and the different Reedy model 

category structures on that category coincide (see [S] Thm. 15.5.2]), this follows 
from Corollary 13.41 □ 

Theorem 8.10. If n is a positive integer, M is a model category, X is an 'm 
cosimplicial object in M, and X is a Reedy simplicial frame on X, then diagX 
is a Reedy simplicial frame on diag X (see Proposition 18.91) (which, by abuse of 
notation, we will also denote by X) and there is a natural isomorphism 

Tot X ss Tot (diag X) 

from the total object of X to the total object of the diagonal cosimplicial object of 

X. 
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Proof. For every object W oiJA there are natural isomorphisms of sets 
M(bF, Tot X) = M(tF, hom|" , X)) 

~ SS^ map^(VF, X)) (see Theorem [Til]) 

~ SS^(A,diagmap^(VF, X)) (see Theorem 13.9|1 

r; SS^(A,map^(lT,diagX)) 

~ M(hF, hom^(A, diagX)) (see Theorem IT.SI) 

= M(fT,Tot(diagX)) 

and the Yoneda lemma implies that the composition of those is induced by a natural 
isomorphism Tot X k, Tot(diagX). □ 

9. HOMOTOPY limits and TOTAL OBJECTS 

We show that the Bousfield-Kan map from the total object of a multicosimplicial 
object to its homotopy limit is a weak equivalence for Reedy fibrant multicosim¬ 
plicial objects. We also show that this behaves well with respect to passing to the 
diagonal cosimplicial object of a multicosimplicial object. 

9.1. Cosimplicial objects. 

Definition 9.1. The Bousfield-Kan map is the map of cosimplicial simplicial sets 
(j): B(Aj,— ) ^ A that for fc > 0 and n > 0 takes the n-simplex 

((N ^ [*i] ^ ^ [*„]),r: [*„] ^ [fc]) 

of B(A 4- [A:]) to the n-simplex 

['^^n—l^n—2 ‘ ' ' 1 '^^n—l^n—2 ' ' ' • ■ • ; 1 (^n—l): 

of A[A:] (see [B] Def. 18.7.1]). It is a weak equivalence of Reedy cofibrant cosimplicial 
simplicial sets (see [U Prop. 18.7.2]). 

Theorem 9.2. If M is a simplicial model category, X is a Reedy fibrant cosimplicial 
object in M, and X is a Reedy simplicial frame on X, then the map 

, hom^((^,lx) /V . . 

TotX « hom~(A,X) -^^ horn-(B(Ai-),X) « holimX 

(where (f: B(A j,—) ^ A is the Bousfield-Kan map of cosimplicial simplicial sets; 
see Definition l9.lD is a natural weak equivalence of fibrant objects Tot X = holim X, 
which we will also call the Bousheld-Kan map. 

Proof. Since the Bousheld-Kan map of cosimplicial simplicial sets is a weak equiv¬ 
alence of Reedy cohbrant cosimplicial sets, this follows from [ 6 j Cor. 19.7.5]. □ 

9.2. Multicosimplicial objects. 

Lemma 9.3. Let n be a positive integer, let Ci be a small category for 1 < i < n, 
and let 6 = ni<i<n If a = (ai, 02 , • ■ • j <a„) is an object of C, then the 
overcategory (Cj-Q^) ~ ni<i<ra (Gi j-cq); and its classifying space (or nerve) is 
B(C 4 .a) ss rii<i<n 

Proof. This follows directly from the dehnitions. □ 




20 


PHILIP S. HIRSCHHORN 


Definition 9.4. If n is a positive integer, then the product Bousfield-Kan map of 
n-cosimplicial simplicial sets : B(A"'4-~) ^ is the composition 

B(A’^;-)« Yl b(a;-) ■ 

l< 2 <n 

(see Lemma 1931) where </> is the Bousfield-Kan map of cosimplicial simplicial sets 
(see Definition EH). 

Theorem 9.5. If n is a positive integer, M isji simplicial model category, X is a 
Reedy Gbrant n-cosimplicial object in M, and X is a Reedy simplicial frame on X, 
then the map 

yv n / ^ hom^ yv n , 

TotXft!hom| (A(”i,X)--^hom| (B(A" ;X) r:! holimX 

(where </>" : B(A" 4- is the product Bousfield-Kan map of n-cosimplicial 

simplicial sets; see Definition EH) is a natural weak equivalence of Gbrant objects 
TotX ~ holimX, which we will also call the product Bousfield-Kan map. 

Proof. Since the product Bousfield-Kan map of n-cosimplicial simplicial sets is a 
weak equivalence of Reedy cofibrant n-cosimplicial sets (see Lemma IXT)) , this follows 
from 0 Cor. 19.7.5]. □ 

9.3. The homotopy limit and total object of the diagonal. We first show 
that for an objectwise fibrant multicosimplicial object the canonical map from the 
homotopy limit to the homotopy limit of the diagonal cosimplicial object is a weak 
equivalence, and then we show that all the maps we’ve defined between the homo¬ 
topy limits and total objects of a multicosimplicial object and its diagonal cosim¬ 
plicial object commute. 

Proposition 9.6. If n is a positive integer, then the diagonal embedding D: A 
A" (see DeGnition \2.5\) is homotopy left coGnal (see [B] Def. 19.6.l]j. 

Proof For an object ([pi], [P 2 ], • ■ •, [ Pn ]) of A”, an object of (A | ([pi], [P 2 ],. ■., [pn])) 
is a map 

(01,02, ^ {[ Pl ],[ P 2 ], ■ ■ ■ ,[ Pn ]) 

in A", where each o^: [fc] —>■ [pi] is a map in A, i.e., a fc-simplex of A[pi]. 
Thus, (oi, 02 ,... ,o„) is a fc-simplex of A[pi] x A[p 2 ] x • • • x A[p„], and the cat¬ 
egory (A 4 , ([pi], [P 2 ],..., [pn])) is the category of simplices of A[pi] x A[p 2 ] x 
X A[p„] (see Lemma 13.81) . Since the nerve of the category of simplices of a 
simplicial set is weakly equivalent to that simplicial set (see (B] Thm. 18.9.3]), 
B(A 4 . ([pi], [P 2 ], .. . , [Pn])) is weakly equivalent to A[pi] x A[p 2 ] x • • • x A[p„], and 
is thus contractible. □ 

Theorem 9.7. If n is a positive integer, M is a model category, and X is an ob¬ 
jectwise Gbrant n-cosimplicial object in M, then the natural map holimA" X 
holimA diag X induced by the diagonal embedding D: A ^ A" is a weak equiva¬ 
lence. 

Proof. This follows from Proposition EH and [B] Thm. 19.6.7]. □ 
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Theorem 9.8. If n is a positive integer, M is a model category, X is an n- 
cosimplicial object in M, and X is a Reedy simplicial frame on X, then the diagram 

Tot X -holim X 

A” 


Tot diag X - ¥ hojim diag X 

(where the upper horizontal map is the product Bousheld-Kan map (see Theo¬ 
rem 19.51) . the lower horizontal map is the Bousheld-Kan map (see Theorem 19.21) . 
the left vertical map is the isomorphism of Theorem 18.101 and the right vertical 
map is the natural map induced by the diagonal embedding H: A ^ A” (see 
[SI Prop. 19.1.8]jj commutes. If X is objectwise hbrant, then the vertical maps in 
that diagram are weak equivalences. If X is Reedy hbrant, then all of the maps in 
that diagram are weak equivalences. 

Proof. It is sufficient to show that if W is an object of M, then the diagram 

M(lT,TotX)-holim X) 

A"- 


Tot diag X)-S- JA{W, hofim diag X) 

commutes. Theorem 17.81 gives us natural isomorphisms 

M(1T, Tot X) = M(1T, hom|" X)) 

« SS^”(A(”),mapj^(lT,X)) 

M{W, holim X) = M{W, hom|" (B(A" ^ -), X)) 

Fs SS^"(B(A";-),mapj^(lT,X)) 

M(IT, Tot diag X) = M(lT, hom^(A,diagX)) 

« SS^(A,map^(lT,diagX)) 

M(1T, holim diag X) = M(lT, hom^(B(A j,—),diagX)) 

« SS^(B(A;-),map^(lT,diagX)) 
and so this is equivalent to showing that the diagram 

SgA”mapj^(lT, X))-^ SS^"(B(A”;-),map^(lT, X)) 


SS^ (A, map^ (W, diagX))-^ SS^ (B( A ; -), map^ (W, diagX)) 

commutes. If / € SS^ (A^"^ map^(IT, X)), then the image of / under the coun¬ 
terclockwise composition is the composition of 

B(A;-) ^ > A " > diag(A(")) '^"^^> diagX 
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(where </> is the Bousfield-Kan map of Definition 19.11 and a is as in Theorem 13.911 
and the image of / under the clockwise composition is 

B(A4,—) — ^ —7- diag(B(A" —)) —^—f diag(A*'"^)-diagX 

(where D* is the map induced by the diagonal embedding D: A —>• A" and </)"■ is 
the product Bousfield-Kan map of Definition 19.41) . Since the diagram 


B(A ; -) > diag B(A” ; -) 




A 


Oi 


diag 

diag A^"^ 


commutes, these two compositions are equal, and so our diagram commutes. □ 


References 

[1] K. Bauer, R. Eldred, B. Johnson, and R. McCarthy, Combinatorial models for Taylor polyno¬ 
mials of functors (2015), available at http://arxiv.org/abs/1506.02112 

[2] Francis Borceux, Handbook of categorical algebra. 1, Encyclopedia of Mathematics and its 
Applications, vol. 50, Cambridge University Press, Cambridge, 1994. Basic category theory. 

[3] _, Handbook of categorical algebra. 2, Encyclopedia of Mathematics and its Applications, 

vol. 51, Cambridge University Press, Cambridge, 1994. Categories and structures. 

[4] A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations, Lecture Notes 
in Mathematics, Vol. 304, Springer-Verlag, Berlin-New York, 1972. 

[5] William Dwyer, Haynes Miller, and Joseph Neisendorfer, Fibrewise completion and unstable 
Adams spectral sequences, Israel J. Math. 66 (1989), no. 1-3, 160-178. 

[6] Philip S. Hirschhorn, Model categories and their localizations. Mathematical Surveys and 
Monographs, vol. 99, American Mathematical Society, Providence, RI, 2003. 

[7] Saunders MacLane, Categories for the working mathematician, Springer-Verlag, New York- 
Berlin, 1971. Graduate Texts in Mathematics, Vol. 5. 

[8] Horst Schubert, Categories, Springer-Verlag, New York-Heidelberg, 1972. Translated from the 
German by Eva Gray. 

[9] Brooke E. Shipley, Convergence of the homology spectral sequence of a cosimplicial space, 
Amer. J. Math. 118 (1996), no. 1, 179-207. 


Department of Mathematics, Wellesley College, Wellesley, Massachusetts 02481 
E-mail address-, psh@math.init.edu 
URL-, http://www-math.mit.edu/^psh 










